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A Dynamic Two-Sector Analysis *
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A tirme-minimizing problem of attaining a full employment state is solved in a dual-econ-
omy model with Harris-Todaro migration mechanism and with a positive level of urban
unemployment in the starting period. It appears that the optimum solution lies in the
specialization of investment in the urban sector at least in the initial stage of development if
the per-capita capital stock in the urban sector is very small in the starting period.

1. Introduction

A static two-sector analysis on rural-urban migration and the urban
unemployment problem, made by Todaro (1969,1976) and Harris and
Todaro (1970) attempts to show that there is no strictly urban solution to
the urban unemployment problem. The present paper shows that their
conclusions may not be sustained when a dynamic analysis is made on
the same problem even with the Harris—Todaro migration mechanism,
particularly when the initial per-capita capital stock in the urban sector is
at a very low level,

2. The model

The economy consists of an institutionally advanced urban sector and
a backward rural sector. Both sectors produce the same commodity using

* This forms a part of chapter IV of my prospective Ph.D. dissertation. I am indebted to
Professor A. Bose of LIM., Calcutta, for his valuable suggestions and comments.
Remaining errors are solely mine.
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capital and labour as inputs. Capital is measured in terms of the same
commodity., The production function of the rural sector is of neo-classi-
cal type. But the urban sector has a fixed-coefficient production func-
tion. ! The labour force required by the urban sector is supplied by the
rural sector and the migration mechanism is of Harris-Todaro type. The
planning authority of the advanced sector does not have any direct
migration policy. It employs labour in the urban sector at an institution-
ally fixed wage-rate and allocates the surplus of the urban sector as
investment between the two sectors. Capital once installed in either sector
is non-shiftable. It does not depreciate over time. The rural wage-rate is
equal to the average productivity of labour in the rural sector. * Wage-in-
come in both sectors is fully consumed. The size of the labour-force
grows at a constant rate.

Let 1 and 2 stand for urban and rural sector respectively, The
notations consist of

k, = capital stock in sector / as a ratio of total labour-force,
!, = employment in sector i as a ratio of total labour-force,
! = urban unemployment as a ratio of total labour-force,
w = urban wage-rate,
x, = capital-labour ratio in sector 2,
f, = intensive production function of sector 2,

; output in sector / as a ratio of total labour force,
fraction of investment allocated to sector i,
constant rate of growth in total labour force,
1 technologically fixed capital-labour ratio in sector 1,
technologically fixed cutput—labour ratio in sector 1,

, = capital-labour ratio in sector 2 required to produce w units of

average productivity of labour in sector 2,

¢ = lime,
i =12

i

i

I

- R T
i

An analysis on this problem has been made in my prospective thesis even with a
neo-classical production function in the urban sector.

In a rural sector, characterized by family based peasant farming, it is an appropriate
assumption.
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The equational structure of the model is the foliowing:

n=al=(a/b)k (1)
ya=f(x2)ls, (2)
ky = (A/b,) (@ = w) = n)ky, (3)
ky={((1-X)/b)(a—wYk, — nk,, (4)
1,=1-4—1,, (5)
(wh/(1 = 1)) = fo(x2). (6)

The first five equations are familiar in the literature of growth theory. Eq.
(6) is the Harris—Todaro migration equilibrium condition.
From the eqgs. (5) and (6}, one can get

FHQE\\MAHMVVIC:‘ md

It shows that /, 3 0 if w > f,(x,). So there exists a positive level of urban
unemployment in the presence of a rural-urban wage-gap even in
migration-equilibrinm. The economy is in full-employment when w=
L{xg)or iy =1—=(ky/by) N

By definition, {, = (k,/b,). So a necessary and sufficient condition for
full-employment is given by

Ak_\b_v+ﬁku\wnvﬂw. Amv

So it is (k,/by) +(k;/by) < 1 that makes full-employment impossible
to attain at a particular period. Since k, and k, change only over time
because of the non-shiftability of installed capital in both sectors, the
economy can come out of unemployment state only at some future date.
An important question in this dynamic model is: What should be the
time-optimal investment policy if the full-employment state is to be
attained in minimum time?
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3. The dynamic optimization

The time-minimization problem of attaining a full-empioyment state is
T
min [ 'dr subjectto (3), (4), (ko(T)/6) +(ka(T)/b;) =1,
0

(k,(0)/b,) +(k>(0)/b,) <1 and O<A<1.

Here k, and k, are state variables and A is a control variable. All these
are functions of ¢.

It is assumed that ((@-w)/b;) > n. It is a necessary condition for the
economy so that it can come out of the unemployment state at some
future date.

The Hamiltonian is given by

H=—g,+q({a-w)/b))ky — ng\ky — ngyk,,
where

g=Ag; +(1-2A)q,.

Here ¢, is a constant and, with no loss of generality, one can assume
4o ="0. 4, and g, are functions of time. At each 1, H is maximized by the
choice of A, given k;, k5, g, and g,. The necessary optimality conditions
are
iy A= 1 if g>g¢,

O0gAgl if g,=gq,,

A= 0 if ¢, <gq,.
(ii) There exist ¢,, g5, k,, k,, continuous functions of time, such that

fey = ((A/B))(a—w) —n)ki,

ky = (Q1=2)/b,)a—whk, = ks,
?Hxa_IQAAQIEV\&L, %)
mMH:QN. (10)

* See Pontrjagin et al, (1962),
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(tii} Transversality condition: ¢, = 0 for /=1, 2 with ¢ > 0.
From (9) and (10), it is clear that

4>~ 4y Hm:al Ev\m:v +nlg—q)).

So g, > ¢, for ¢; 2 q;.
Hence cone can easily establish the following lemmas:

Lemma 1. If A=0 is optimal for t=1*, then A=0 is optimal for ail
Pz

Lemma 2. There does nor exist any non-degenerate interval [i,, t|] such
that 0 < A <1 is optimal for all t € [y, ;]

So the optimal A must have the following property:
A=1 forOst<i, and
A=0 for i<r<T where 0gigT.

0 = A =0 for all ¢ is optimal,
=T = X =1 for all ¢ is optimal,
!

0<¢< T, is optimal.
Since for 0 £ ¢ < ¢, A =1 is optimal, one can get

k, = ({{a-w)/by) —n)k, and k,=nk,.
Hence the solutions are given by
k.?q =k, (0) mag-;_u\a:i:_ (11)
k(1) =ky (0) e, (12)
Fort<t< T, A =0 is optimal. So one can get

k,= —nk, and ky={((a~w)/b, )k, — nk,.
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Hence the solutions are given by

k(T)=lky(f) e 70, (13)
kT ) = (K () ((a—w) /b, (T = ) + k(7)) "7, (14)
Now

(k1(T)/by) +{ko(T)/by) =

= b, (k(0) e P{{a—w) /b ) (T = 1) +k,(0))
+ b,k (0) e€r 0= p b T, (15)
{Using eqgs. (11), (12), (13) and (14).] eq. (15) shows T as a function of

{. T is 1o be minimized by an appropriate choice of f over the set [0, T].
Here,

((a-w)/by) nf.;_:..é.» 1 (0)(b; + b, ((T-1)((a-w)/b1) - 1))

(dT/di) =
nbb, €T — b, ((a-w) /b)) e =5k (0)

Now
(dT/df)=0=b, + b ((T-1)({a-w) /b)) —1) =0,
T-t=(b,—b,)/(aw).
So T2 1 for b2 b,. Hence one can establish the following lemmas:
Lemma 3. If b, > b, at some m. 0<¢<T, T can not be minimum.
Lemma 4. If b, < by, T is minimum at some t<T.

iIf 7 =0, from (15) one can get

(&,(0) /b)) +T-A8\w~v +:b-€v\9wnvk_8vﬂﬂ el

At T=0, left-hand side <1 and right-hand side=1. So at T=0, it is
not satisfied. So if a solution exists, 7> 0 and one necessary condition
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for the existence of solution is given by
{(a-w)/b.b,) Kk, (0)) > n or Kk (0)> (nb;b,/(a-w)).

So if k,(0) < (nb,b,/(a-w)). there does not exist any 7 >0, such that
(e (TY/ 5+ (ka(T)/by) =1, when / = 0. Hence one can establish

Lemma 5. If k (0) < (nb,b,/(a-w)), T is minimized ar some £>0.
With the help of these, one can easily prove the following theorems.

Theorem 1. If k() < (nb,b,/(a-w)) and by > by, A=1 for all t 20 is
the optimal policy.

Theorem 2. If k,(0) < (nb, b, /{a-w)} and b, > by, A=1forallt0<
£>0,and A=0 for all 1, 0 <t <t < T, are the optimal policies.

4. Conclusion

So the time minimization problem of attaining a full-employment state
at the terminal period is basically an investment maximization problem
in the urban sector at each period. The solution to the urban unemploy-
ment problem lies in the development of the urban sector at the most
rapid rate when the urban sector is at a stage of underdevelopment. It
does not mean that rural development is not important. The present
model has not focused on the marketable surplus problem. A dynamic
model of Dixit (1969), based on Lewis (1954) hypothesis, and focusing on
the marketable surplus problem, has emphasized rural investment a great
deal. Hence the present analysis demands a further dynamic analysis of
the development problem of dual economies with adequate consideration
to both urban unemployment and the marketable surplus problem.
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